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Abstract. We prove that a resolution of singularities of any fi- 
nite covering of the projective plane branched along a Hurwitz 
curve H and, maybe, along a line "at infinity" can be embedded 
as a symplectic submanifold into some projective algebraic man- 
ifold equipped with an integer Kahler symplectic form (assuming 
that if H has negative nodes, then the covering is non-singular 
over them). For cyclic coverings we can realize this embeddings 
into a rational algebraic 3-fold. Properties of the Alexander poly- 
nomial of H are investigated and applied to the calculation of the 
first Betti number hi{Xn) of a resolution Xn of singularities of 
n-sheeted cyclic coverings of CP^ branched along H and, maybe, 
along a line "at infinity". We prove that hi{Xn) is even if H is 
an irreducible Hurwitz curve but, in contrast to the algebraic case, 
that it can take any non-negative value in the case when H consists 
of several irreducible components. 



0. Introduction 

The notion of Hurwitz curves in the projective plane CP^ with re- 
spect to a hnear projection pr : CP^ \ {Poo} CF^, {poo denotes the 
centre of the projection pr) was introduced in ^H] and is a natural 
generalization of the notion of plane algebraic curves (in ^H], Hurwitz 
curves are called "semi-algebraic" curves). A precise definition of Hur- 
witz curves can be found, for example, in 0. In this paper we give 
another equivalent (see Lemma definition of Hurwitz curves as 
follows. Let be two copies of the affine plane C^, i = 1, 2, with co- 
ordinates {ui, Vi), U2 = 1/ui and V2 = Vi/ui, which cover CP^\poo, such 
that pr is given by {ui, Vi) — > ui in the charts C^. A set C CP^\{poo}, 
closed in CP^, is called a Hurwitz curve of degree m if, for z = 1,2, 
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H nC^ coincides with the set of zeros of an equation 

m— 1 

Fi{ui, Vi) := vT + = (1) 

3=0 

such that 

(i) Fi{ui,Vi) is a C°°-smooth complex valued function in C^; 
[a) the function Fi{ui, Vi) has only a finite number of critical values, 
that is, there are finitely many values of Ui, say Ui^i, . . . yUi^m, 
such that the polynomial equation 

m— 1 

vr + Y.^^'^Mvi = o (2) 

j=Q 

has no multiple roots for Ui^ ^ ■ ■ • , Ui,ni}] 
(in) if Vij is a multiple root of equation Q for Uij G . . . , Wi.ni}, 
then, in a neighbourhood of the point {uij,Vij) (which we call 
a critical point of ff), the set H coincides with the solution a 
complex analytic equation. 

Note that after rescaling Vi = evi, < e « 1, Hurwitz curves 
become symplectic surfaces in CP^ (see also proof of Theorem 3.1). 

More general, one can consider so called topological Hurwitz curves 
which have cone singularities (see the definition of cone singularities in 

my 

A Hurwitz (resp. topological Hurwitz) curve H is called irreducible 
ii H \ M is connected for any finite set M (Z H, and we say that a 
Hurwitz curve H consists of k irreducible components if 

k = max connected components ofH \ M}, 

where the maximum is taken over all finite sets M G H. 

Let H be an affine Hurwitz curve, that is, H = H r\ (CP^ \ Loo), 
where Loo is a line which is a fibre of pr being in general position with 
respect to H. Then the fundamental group tti = 7ri(CP^ \{H U Loo)) 
does not depend on the choice of Loo and belongs to the class C of so 
called C-groups. 

By definition, a C- group is a group together with a finite presentation 

Gw =<Xi,...,Xm I Xi = w^jj^XjWij^k, Wi,j,fc eW >, (3) 
where W = {wjj,fc € | I ^ i, j ^ m, 1 ^ k ^ h{i,j)} is a subset of 
elements of the free group (it is possible that Wi^^^^ki = ""^12^2,^2 
(ii,j'i,fci) 7^ (^25^25^2)), generated by free generators Xi,...,Xm and 
h : {1, . . . , m}^ — > Z is some function. Such a presentation is called 
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a C- presentation (C, since all relations are conjugations). Let ifw '■ 
Fm Gw be the canonical epimorphism. The elements ipwi^i) ^ 
1 ^ i ^ m, and the elements conjugated to them are called the C- 
generators of the C-group G. Let f : Gi ^ G2 he a homomorphism 
of C-groups. It is called a C -homomorphism if the images of the C- 
generators of Gi under / are C-generators of the C-group G2. C-groups 
will be considered up to C-isomorphisms. 

A C-presentation Q is called a Hurwitz C -presentation of degree 
m if for each i = 1, . . . , m the word coincides with the product 
Xi . . . Xm, and a C-group G is called a Hurwitz C-group of degree m if 
it possesses a Hurwitz C-presentation of degree m. In other words, a 
C-group G is a Hurwitz C-group of degree m if there are C-generators 
xi, . . . , Xm generating G such that the product xi . . .Xm belongs to the 
center of G. Note that the degree of a Hurwitz C-group G is not defined 
canonically and depends on the Hurwitz C-presentation of G. Denote 
by Ti the class of all Hurwitz C-groups. 

Let H he a. Hurwitz (resp. topological Hurwitz) curve of degree 
m. A Zariski - van Kampen presentation of tti = 7ri(C^ \ H) (where 
(j^2 _ p2 y j^^^ ^ fibre of pr, is in general position with respect 

to H) defines on tti a structure of a Hurwitz C-group of degree m (see 
[12]), and in [12], it was proved that any Hurwitz C-group G of degree 
m can be realized as the fundamental group tti (C^ \ H) for some Hur- 
witz curve H with singularities of the form w''^ — z"^ = 0, deg H = 2"m, 
where n depends on the Hurwitz C-presentation of G. Since we con- 
sider C-groups up to C-isomorphisms, the class H coincides with the 
class { vri(C^ \ H) } of fundamental groups of the complements of affine 
Hurwitz (resp. topological Hurwitz) curves. 

A free group F„ with fixed free generators is a C-group and for any 
C-group G the canonical C-epimorphism u : G ^ Wi, sending the C- 
generators of G to the C-generator of Fi, is well defined. Denote by 
its kernel. Note that if all C-generators of a C-group G are conjugated 
to each other (such C-group is called irreducible), then A^ coincides 
with! G'. 

Let G be a C-group. The C-epimorphism z/ induces the following 
exact sequence of groups 

1 ^ N/N' G/N' ^ Fi ^ 1. 

^For a group G we use the standard notation G' for its commutator subgroup 
and G" for the commutator subgroup of G' . 
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The C-generator of Fi acts on N/N' by conjugation x^^bx, where n G 
and x is one of the C-generators of G. Denote by h this action and 
by he the induced action on N/N' ® C. The characteristic polynomial 
A(t) = det{hc — tld) is called the Alexander polynomial of the C-group 
G (if the vector space N/N' ® C over C is infinite dimensional, then, 
by definition, the Alexander polynomial A(t) = 0). For a (topological) 
Hurwitz curve H the Alexander polynomial A(t) of the group tti = 
7ri(C^ \ H) is called the Alexander polynomial of H. Note that the 
Alexander polynomial A{t) of a (topological) Hurwitz curve H does 
not depend on the choice of the generic line Loo- 

Let G =< xi, . . . ,Xm I ri, . . . , r„ > be a C-presentation of a C- 
group G and be the free group freely generated by the C-generators 
Xi, . . . ,Xm- Denote by ^ the Fox derivative (|7), that is, the endo- 
morphism of the group ring Z[Fm] over Z of the free group F^ into 
itself, such that ^ : Z[F„] Z[F^] is a Z-linear map defined by the 
following properties 

dxj 

'dx- ^ 

duv du ^ dv ^^"^ 
dxi dxi dxi 

for any u,v E Z[Fm]. It is well known (it is proved, for example, in ^H] 
in the case of knot groups and generalized to the case of C-groups in 
|lUj ) that the greatest common divisor of the minors of order m — 1 in 
the matrix 

eMat„x™(Z[t,ri]) 

coincides with the Alexander polynomial A(t) of G up to a factor ±t'^ 
invertible in Z[t, where Vi, i = 1, . . . ,n, are the defining relations 
of G and z/* : Z[Fm] Z[Fi] ~ Z[t,t~^] is induced by the canonical 
C-epimorphism u : F^ Fi. 

The properties of the Alexander polynomials of plane algebraic curves 
and their application to the calculation of the first Betti number of a 
cyclic covering of the projective plane are well-known (see, for exam- 
ple, 1221, US' EOl, 0, 0, CDl, 0)- One of the aims of this article is 
to generalize these results to the case of Hurwitz curves and to apply 
them to the calculation of the first Betti number of a cyclic covering of 
the projective plane branched along a Hurwitz curve. 

The main results of this article are the following theorems and corol- 
laries. 

Theorem 0.1. Let H be a (topolgical) Hurwitz curve of degree d and 
A(t) its Alexander polynomial. Then 
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(2) A(t) G Z[t]; 
(it) A(0) = ±1; 

{in) the roots of A{t) are d-th roots of unity; 

(iv) the action of he on {N/N') ^ C is semisimple. 

Moreover, the Alexander polynomial A(t) of a Hurwitz curve H of 
degree ci is a divisor of the polynomial {t — l){t'^ — 1)'^"^ (see Theorem 
15 .611 and if H consists of k irreducible components, then the multiplicity 
of the root t = 1 of its Alexander polynomial A{t) is equal to k — 1 
(see Theorem 

Theorem 0.2. If H is an irreducible (topological) Hurwitz curve, then 

(i) A(t) is a reciprocal polynomial, i.e. A(t) = f^^^ ^^^^ A(t~^) ; 
(ii) degA(t) is an even number; 
(Hi) A(l) = 1. 

Corollary 0.3. Let H be an irreducible (topological) Hurwitz curve of 
degH = p^ , where p is a prime number. Then 

(t) Ait) ^ 1; 

(a) the group tt^/tt" is a finite group, where tti = 7ri(C^ \ H). 

Note also that if J is an almost complex structure in CP^ compatible 
with the Fubini - Studi symplectic form and if is a J-holomorphic 
curve in CP^ of degree m, that is, the class [H] equals m[CP^] in 
i/2(CP2,Z), then vri = 7ri(CP2 \ (H U L^)) is a Hurwitz C-group of 
degree m, where Loo is one of the J-lines being in general position with 
respect to H. Indeed, if we chose a pencil of pseudo-holomorphic lines 
having L^o as a member, then, by the Zariski-van Kampen Theorem, 
a presentation of tti is defined by a braid monodromy factorization of 
H with respect to the chosen pencil. Therefore tti is a C-group, and 
similar to the case of Hurwitz curves, it is easy to show (see the proof 
of Theorem 6.1 from |12J that it is a Hurwitz C-group of degree m. 
Thus, the Alexander polynomial of a pseudo-holomorphic curve can be 
defined similarly and has the same properties as in the case of Hurwitz 
curves. 

The homomorphism u : tti ¥i, where tti = 7ri(C^ \ H) is the fun- 
damental group of the complement of an affine Hurwitz curve, defines 
an infinite unramified cyclic covering f = foo '■ X'^ —>■ X' = C'^\H. We 
have Hi{X'^,Z) = N/N' and the action of h on Hi{X'^,Z) coincides 
with the action of a generator of the covering transformation group of 
the covering foo- As it follows from 13J, the group Hi{X'^, Z) is finitely 
generated. For any n G N denote by mod„ : Fi ^ /x„ = ¥i/{h"} the 
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natural epimorphism to the cyclic group /i„ of degree n. The covering 
foo can be factorized through the cyclic covering /„ : X!^ C"^ \ H 
associated with the epimorphism mod„ o z/, f^o = Qn ° fn- Since a 
Hurwitz curve H has only analytic singularities, the covering can 
be extended to a smooth map : X„ CP^ branched along H and, 
maybe, along L^o (if n is not a divisor of deg/f, then is branched 
along Loo), where X„ is a smooth 4-fold. The action h induces an 
action /i„ on X„ and an action hn^t on Z). 

In section |31 we show (see Theorem 14.11) that any such Xn can be 
embedded as a symplectic submanifold to a projective rational 3-fold 
on which the symplectic structure is given by an integer Kahler form. 

Theorem 0.4. Let X^ he a resolution of singularities of an n-sheeted 
cyclic covering branched along a Hurwitz curve H and, maybe, along 
Loo (ind associated with the epimorphism modn o u : iii ^ Z/nZ. Then 
the first Betti number 

bi{Xn) = dimc-f/'i(X„,C) = r„,^i, 

where Tn^-^i is the number of roots of the Alexander polynomial A{t) of 
the curve H which are n-th roots of unity not equal to 1. 

Theorems lU.ll l(J.2l IU.4I and Corollary l(J.3l imply the following corol- 
laries. 

Corollary 0.5. Let X„ be a resolution of singularities of an n-sheeted 
cyclic covering branched along a Hurwitz curve H and, maybe, along 
Loo- If ^^zH and n are coprime, then 6i(X„) = 0. 

Corollary 0.6. Let Xn be a resolution of singularities of an n-sheeted 
cyclic covering branched along an irreducible Hurwitz curve H and, 
maybe, along L^o- Then 6i(X„) is an even number. 

Moreover, we show that for any A; G N, there is an irreducible Hurwitz 
curve Hk such that for some n (for example, one can take n = 6, see 
Proposition 16. 5|) a resolution of singularities X„ of an n-sheeted cyclic 
covering, branched along ff^, has the first Betti number 6i(Xfc „) = 2k. 
In addition, we show that for any G N, there is a Hurwitz curve Hk 
consisting of two irreducible components such that the resolution of 
singularities g of a cyclic covering of the projective plane, branched 
along Hk, has the first Betti number hi{Xkfi) = k. Recall that 6i(X„) 
is always even if is a plane algebraic curve, hence Hk cannot be 
algebraic if k is odd. Recall also that Moishezon (fTH') proved the exist- 
ence of an infinite sequence Hi of irreducible cuspidal Hurwitz curves 
of degree 54 with exactly 378 cusps and 756 nodes which have pairwise 
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distinct braid monodromy type. In particular, they are pairwise non- 
isotopic, and almost all of them are not isotopic to an algebraic cuspidal 
curve. 

Corollary 0.7. LetXn be a resolution of singularities of a cyclic cover- 
ing of the projective plane branched along a Hurwitz curve H consisting 
of k irreducible components and, maybe, along Loo- If n is divisible by 
degH, then 61 (X„) = deg A(t) - A; + 1. 

Corollary 0.8. LetXn be a resolution of singularities of a cyclic cover- 
ing of the projective plane of any degree n branched along an irreducible 
Hurwitz curve H and, maybe, along Loo- If degH = p^ , where p is a 
prime number, then 61 (X„) = 0. 

Corollary 0.9. LetX^k be a resolution of singularities of a cyclic cov- 
ering of the projective plane of degree p^ branched along any irreducible 
Hurwitz curve H and, maybe, along L^o, where p is a prime number. 
Then 6i(X„) = 0. 

Note that for any G N, we show that there is a Hurwitz curve 
Hk consisting of + 1 components and which is the branch curve of 
a 2-sheeted cyclic covering a resolution of singularities X^ 2 which has 
&i(Xfc 2) = k (see Proposition 16. 6|) . In particular, in our example the 
Hurwitz curve Hi has degf^i = 2^°, the number of singular points of 
Hi is equal to 2^^, and all its singular points are of the form w'^ — z^ = 0. 

Recently, Auroux and Katzarkov (see PP, [2]) proved the following 
theorem. Let (X, u) be a compact symplectic 4-manifold with sym- 
plectic form u with class [u] G if^(X,Z). Fix an cu-compatible almost 
complex structure J and the corresponding Riemannian metric g. Let 
L be a line bundle on X whose first Chern class is [u] . Then, for k » 0, 
the line bundle L^'' admits many approximately holomorphic sections 
so that one can choose three of them which give an approximately holo- 
morphic generic covering : X — > CP^ of degree = k'^uj'^ branched 
over a cuspidal Hurwitz curve H^ (possibly, with negative nodes). 

Any such covering fk : X —>■ CP^ of degree Nk, branched over a 
cuspidal Hurwitz curve H, determines a monodromy /i, that is, an epi- 
morphism fi : 7ri(C^ \H) ^ T.^^ to the symmetric group Sat^, with ad- 
ditinal properties of genericity. On the other hand, any homomorphism 
fi : 7ri(C^\if) — >• Sat, such that /i(vri) acts transitively on a set consist- 
ing of N elements, defines an unramified covering / : X — >■ \ if of 
degree N. The covering / can be extended to a covering / : X — CP^ 
branched over the Hurwitz curve H and, maybe, over Loo- In this paper 
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we prove (see Corollary IH.2|1 that if X has arbitrary analytic singular- 
ities (and if H has negative nodes, we assume that the covering space 
is non-singular over them), then a resolution X of singularities of X 
can be equipped with a symplectic structure. 

The proofs of Theorems 10 . 11 ITOl and Corollarv lU . 31 are given in section 
El and section IHl is devoted to the proof of Theorem l().4[ 

Acknowledgement. The second author would like to express his grati- 
tude to University of Kaiserslautern for its hospitality during the prepa- 
ration of this paper. 

1. Representation of Hurwitz curves as sections of line 

BUNDLES 

We begin with the following lemma. 

Lemma 1.1. The definitions of Hurwitz curves in CP^ given in 7J and 
in the Introduction are equivalent. 

Proof. Recall the definition of Hurwitz curves given in [?]. Let Fi be 
a relatively minimal ruled rational surface, pr : Fi — »• CP^ the ruling, 
R a fiber of pr, and Ei the exceptional section. El = —1. Identify 
pr : Fi ^ CP^ with a linear projection pr : CP^ — > CP^ with center at 
a point p G CP^ {p is the blow down of Ei to the point). 

The image H = f{S) C Fi of a smooth map / : 5* Fi \ Fi of an 
oriented closed real surface S is called a Hurwitz curve (with respect 
to pr) of degree m if there is a finite subset Z C H such that: 

(i) / is an embedding of the surface S \ f^^{Z) and for any s ^ Z, 
H and the fiber Rpr(s) of pr meet at s transversely and with 
positive intersection number; 

(ii) for each s & Z there is a neighbourhood U C Fi of s such that 
if n f/ is a complex analytic curve, and the complex orientation 
of H nU \ {s} coincides with the orientation transported from 
5 by /; 

(iii) the restriction of pr to if is a finite map of degree m. 

To show that the definition in the Introduction implies the definition 
in [7j, let us perform several monoidal transforms with centers at sin- 
gular points of H (and at the singularities of the proper transforms of 

— — ■ 2 

H) to resolve all singular points of H. Denote by a : CP CP^ the 
composition of these monoidal transformations and by S the proper 
transform of H. Then is a smooth real surface and f = a\s is a. 
smooth map. To define an orientation on S, let us choose an orienta- 
tion at each non-critical point p of pr^g so that the local intersection 
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number of H and the fibre R passing through p at the point p will 
be equal to +1. Obviously, these orientations are compatible for all 
non-singular points of H. Since near singular points this orientation 
coincides with the orientation given by the complex analytic structure 
(recall that H is complex analytic near critical points of pr|jj), this 
orientation can be extended to the preimages of these critical points. 

To show that the definition in [Zj implies the definition in the In- 
troduction, let us choose a fibre R of pr and put = Fi \ (_R U Ei). 
Let {u, v) be coordinates in such that the restriction of pr is given 
by {u,v) u. Let {u,vi{u)), . . . , [u^Vmiu)) be the coordinates of the 
intersection points of H and the fibre R of pr over a non-critical value 
u. Consider 

m 

F{u,v) = \[{v-v,{u)). (5) 

1=1 

Obviously, the function F{u,v), defined everywhere outside the fibres 
over critical values, is smooth and can be extended to a function on all 
satisfying the properties of the definition given in the Introduction. 

■ 

Let a Hurwitz curve of degree m be given by equations (P). A 
smooth isotopy ht : CP^ x [0, 1] —>■ CP^ x [0, 1] is called a H-isotopy if 
for each t G [0, 1] the image Ht = ht{Ho) is a Hurwitz curve given by 
equations 

m— 1 
j=0 

Cj^i{ui, 0) = Cj^iiui) for all j. (Note that in the definition of if-isotopy 
given in [7j , it is assumed that the number of critical values of Ht does 
not depend on t.) It is easy to see that if Hq and Hi are H isotopic 
and a line Loo is generic with respect to both Hurwitz curves Hq and 
Hi, then \ Hq and C2 \ Hi are diffeomorphic. 

Denote by p^o = CP^ \ (C^ U Cg) the center of the projection pr. In 
what follows we will assume that the fibre of pr over U2 = is generic 
with respect to Hq. Denote it by Loo- Obviously, there is a smooth 
if-isotopy ht identical outside a small neighbourhood U of Lqo such 
that the function F2(m2,i'2,1) defining Hi = hi^Ho) in coincides 
with the function f ^ — 1 at the points {u2-,V2) with | M2 |< e for some 
£ > 0. In what follows we will assume that 

Loo is given by U2 = and H is given by the equation 
v^ — 1 = in a neighbourhood of L^o- 
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Let Uij be a critical value of a Hurwitz curve Hq of degree m given 
in by equation Fi{ui,vi) = 0, that is, the number of the different 
roots of the equation 

Fi{ui,„vi,0) =0 (7) 

is less than m, and let fi^-Q be a root of equation ((Tj) of multiplicity 
one. It is obvious that there is a smooth if-isotopy ht identical outside 
a small neighbourhood U = {\ ui — uij \< e} such that the function 
f 1, 1) defining Hi = hi{Ho) in is such that vi = vijg is a root 
of the equation Fi{ui, fi, 1) =0 for all Ui such that | Ui —Uij \< ei for 
some positive ei < e. Therefore, in what follows we can (and we will) 
assume that if Uij is a critical value of H, then 

there is ane > such that Fi{ui,vi) defining H is 
analytic at {ui,Vi) for \ ui — Uij \< e and all Vi. ^ ' 

Let us consider a line bundle p : C{k) —>■ CP^ associated with the 
sheaf (9cp2(fc). Recall its definition. The projective plane CP^ with 
homogeneous coordinates (zq ■ Zi : Z2) is covered by three charts Cf, 
i = 1,2,3, isomorphic to C^, with coordinates {ui,Vi), Ui = Zi/zq, 
vi = Z2/Z0, U2 = zo/zi, V2 = Z2/Z1, u-i = Z0/Z2, V3 = Zi/z2- The bundle 
C{k) is covered by three charts Wi = Cf x C} with the third coordinate 
Wi, wi = W2/U2, wi = ws/u^, W2 = ws/ff, and the restriction of p\Wi 
coincides with the projection to the first factor. 

Lemma 1.2. The functions Wi = Fi{ui, Ui), i = 1, 2, defining H define 
a smooth section s of C{m) over CP^ \ {poo}- 

Proof. In C\ n C2 we have 

m—1 m—1 _ 

U «2 ^ «2 U2 

m—1 



1 



U2 — U2 



The functions 



and 



m—1 

^2(^2, ^^2) + Y Cj- 2(m2)? 

j=0 

m—1 



-'2 + y]9,i(— ■'^2 

j=0 
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coincide with each other, since they are smooth and for almost all 
(except a finite number of) values M2,o of U2 the polynomials 

m— 1 
3=0 

and 

m—l _ 

have the same sets of roots. ■ 

Lemma 1.3. Let fo:S^^ C* be a smooth function on = {{u,v) G 
I uu + vv = e"^} , < e « 1, such that fo coincides with the 
function — 1 in a neighbourhood U <Z of the circle u = 0. Then 
there is a smooth function F : x [0, 1] C* such that 

(i) F{u,v,0) = foiu,v); 

(a) F{u, V, t) = v''^-l for {u, v) eU and t e [0, 1]; 
(Hi) F{u,v, 1) = t;™ - 1. 

Proof. Since 5''^ is simply connected, there is a lift /o : 5'^ — > C* of the 
function /o such that fo = e o /g, where C* is the complex plane C 
with complex coordinate x and e : C* ^ C* is the universal covering 
given hj y = e^. Without loss of generality one can assume that 
7o(0, e) = ln(l - e™) + ni. Denote by fi'- C* the function v"" - 1 

and by /i : C* itsjift such that /i(0,e) = ln(l - e"^) + m. 

Therefore we have /ojc/ = fi\u- 

Consider a function F : x [0, 1] — C given by 

X = tjiiu.v) + (1 - i)%{u,v). 

Obviously, the function F = e o F has the desired properties. ■ 

Lemma 1.4. There is a real number ei, < 61 << 1, and a smooth 
section Sm of C{m) over such that 

(i) H C \ B{ei), where B{ei) = {U3U3 + V3V3 ^ ej} is a ball 

in with center at pooi 
(a) over \ B{ei) the section Sm coincides with the section s 

from Lemma lL2| - 
{Hi) Sm is complex analytic in a neighbourhood of the line Loo- 
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Proof. By the definition of Hurwitz curves, tliere is a ball B{ei) = 
{U3U3 + ^ el} for some positive ei such that H C CP^ \B{ei). 

The line bundle Cm is trivial over B{ei). Therefore the restriction 
of the section s from Lemma [1.21 to dB{ei) = defines a function /o : 
5*^ ^ C*. Denote by F : S"^ x [0, 1] ^ C* a function existence of which 
is proved in Lemma IT!^ fin the notations of Lemma ri.3[ we put u = M3, 
f = f 3 and 6 = El). Let us choose 62 < £1 and a smooth monotone 
function r : [£:25£^i] [0,1] such that r{ei) = and r{e2) = 1. Put 
h : B{ei,e2) = B{ei) \ B{e2) dB{ei) to be the map given by 



+ V3V3 y/UsUs + V3V3 

F{u3,V3,t) = h*{F), and 

T^f ^ fVU3U3 + V3V3 ~ _ ^ 

F{U3, V3) = ( ) {F{U3, V3, r{VU3U3 + V3V3)) + 1) - 1. 

£1 

Then the section s, defined as follows, 

r s{p) for p e CP2 \ B{ei) 

Jip) = \ F{u3, V3) for p e B{e,) \ B{e2) 
( iorpe B{e2), 

satisfies all conditions of Lemma 11.41 except that, possibly, it is not 
smooth, but only continuous at the points from B = {dB{6i)UdB{62))\ 
U, where f/ is a neighbourhood of L^o- By standard theorems from 
analysis, there is a smooth section Sm close enough to s which coincides 
with 's outside a small enough neighbourhood ^ of -B such that V fl 
{H U Loo) = 0, where V is the closure of V. ■ 

2. Symplectic varieties with analytic singularities 

Let y be a projective complex manifold, dime Y = n and u a Kahler 
form on Y, [u] G H'^iY^'L). Consider {Y,uj) as a symplectic manifold, 
dimjK Y = 2n. A closed subvariety X of F is called a symplectic variety 
with analytic singularities if there are open subsets Uq (Z U G Y such 
that the closure Uq in F is a subset of [/, X fl f/ is a complex analytic 
subset in U and X \ f/o is a smooth symplectic submanifold. Denote by 
SingX the set of points of X in which X is not smooth. Then SingX 
is a projective algebraic subvariety of Y. 

Lemma 2.1. Let X be a symplectic variety with analytic singularities 
in a projective complex manifold Y with Kahler form uj. Let Z C 
SingX he a nonsingular projective subvariety of Y , a : Y ^ Y the 
monoidal transformation of Y with center in Z , and X be the proper 
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transform of X . Then there is a Kdhler form uj onY such that X is a 
symplectic subvariety with analytic singularities of (Y,ZJ). 

Proof. The manifold Y is projective algebraic. Consider an embedding 
i : Y "—>■ CP^ to some projective space and denote hj ip = i o a 
rational map from Y to CP^. Let T C 1" x CP^ be the closure of the 
graph of ip and pi, i = 1,2, be the projections from Y x CP^ to the 
factors. The morphisms i and a define the morphism a x i : Y ^ T C. 
Y X CP^. Since the composition p2o[axi) : Y ^ Y is an isomorphism, 
P2\r : r — y is an isomorphism too. Moreover, if we identify Y with F 
by means of p2\r, then pi\r coincides with a. 
Denote hj Q = Qn, 



the Fubini - Studi symplectic form on CP . It is a Kahler integer form. 
Consider the restriction of a form uj^ = pl{uj) + epgl^) F. It is a 
Kahler form on F for each e > 0. 

Choose open neighbourhoods Vq C C y of SingX such that VnX 
is an analytic subvariety and the closure Vq of Vq in F is a subset of V. 
Denote hj Xq = X \ Vq. It is compact and a~^^^ : Xq — > Xq = a^^{Xo) 

is an isomorphism. Therefore Xq is compact. 

Evidently, the restriction of cu^ to F r]pi^{V) is a symplectic form 
at each nonsingular point of F ripi^{V) for all e > 0, since F r]pi^{V) 
is an analytic set in p^^{V). Since the restriction of u to Xq is a 
symplectic form at each point of Xq and Xq is compact, we can choose 
e to be small enough, so that the restriction of uj^ = Pi{uj) + 6p2{^) to 
Xq = F npi^{XQ) is a symplectic form at each point of Xq. If we take 
B = ^ rational, then nuji, is an integer form. ■ 

3. Symplectness of coverings of the projective plane 



In this section we use the notations and assumptions of section 2J 
Let H he a. Hurwitz curve, possibly with negative nodes, that is, in 
a neighbourhood U of each critical point p, it is either given by an 
analytic equation ot H (1 U consists of two smooth branches meeting 
transversely at p with intersection number —1, and each branch of 
H n U meets the fiber pr~^(pr(p)) transversely at p with intersection 
number equals +1. 

We fix a point p G CP^ \ {H U L^o)- Consider the fundamental 
group TTi = TTi (C^ \ H, p) of the complement of the affine Hurwitz curve 



I 
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H = (CP^ \ Loo) n H. Let us choose a point x E H \ Singff and 
consider a line L C meeting H transversely at x. Let 7 C L be 
a circle of small radius with center at x. The choice of an orientation 
on defines an orientation on 7. Let F be a loop consisting of a 
path / in \ H, joining p with a point 5 G 7, the loop 7 (with positive 
direction) starting and ending at q, and a return path to p along / in the 
opposite direction. Such a loop F (and the corresponding element in tti) 
is called a geometric generator (with center at x) of the fundamental 
group TTi = 7ri(C^ \ H, p). It is well known that tti is generated by 
geometric generators. 

For each critical point Sj of H let us choose a neighbourhood Ui C 
such that H n Ui is given (in local coordinates in C/j) by an analytic 
equation or, if Si is a negative node, then it consists of two smooth 
branches meeting transversely at p. Note that if Si is a negative node, 
then ni{Ui \ H,pi) is isomorphic to Z © Z and generated by two com- 
muting geometric generators. 

Choose smooth paths 7^ lying in \ if and connecting the points 
Pi with p. This choice defines homomorphisms ipi : 7ri{Ui\H,pi) tti. 
We call ipiijiiUi \ H,pi)) = Gi the local fundamental group of the 
singular point Sj. The local fundamental groups are defined uniquely 
up to conjugation in tti. 

Consider a homomorphism : tti ^ Etv from the fundamental group 
TTi = vri(C^ \ H) of the complement of the affine Hurwitz curve H = 
(CP^ \ Loo) n to the symmetric group &n such that its image /m/x 
acts transitively on a set consisting of N elements. 

Let Si be a negative node of H. As it was mentioned above, the local 
fundamental group Gi is generated by two commuting geometric gener- 
ators, say Fj^i and Fi^2- Denote by Nij = {1 ^ n ^ | /i(Fjj)(n) ^ n}. 
We say that is good at the negative node Sj if Aj,i fl Ni^2 = 0- The 
homomorphism /i is called a monodromy of degree N if it is good at all 
negative nodes. 

The homomorphism defines an unramified covering f = ffj_ : Y —> 
C^\H of degree A^. This covering can be extended to a finite ramified 
covering f : Y ^ CP^ branched along H and, maybe, along Loo- 

To describe this extension, consider a geometric generator F with 
center at x e i/\ Crit H, where Crit H is the set of critical points of H. 
The image /u(F) in S a? is a product of cyclic permutations di, . . . , (T„^ 
(it is possible that the orders of some ai are equal to one). Let ai = 
{nij, . . . , n^,,;) be a permutation of order r; , where 1 ^ njj ^ A^, then 
the number of the preimages f~^{x) is equal to rix and each point y 
from f~^{x) corresponds to a cyclic permutation ai. Near the point 
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yi corresponding to a cyclic permutation o";, the covering / is a cyclic 
covering of degree r; branched along H and it is locally isomorphic to 
a subvariety of given by w*"' = v — Vj{u), where v — Vj{u) = is a 
local equation of H at the point x (see (0))- These local isomorphisms 
define on y a structure of a smooth manifold at each point y lying over 
H \ Crit H. 

Let Si G Crit if be a negative node. As it was mentioned above, 
the local fundamental group Gi is generated by two geometric gener- 
ators i and Ti^2- The images fi(Tij) in E^v are products of cychc 
permutations ai^ij, aki^^^ij. Let ae,i,j = {ni^i,i,j, • • • , ^ri.,,^,«,i,i) be a 
permutation of order ri^ij. Put A^i,i,2 = {1 ^ ^ | fJ'(Xi,i){n) = 
n and fi{Ti^2){n) = n}. Since /i is a monodromy, the set is in 

one-to-one correspondence with the union of the cyclic permutations 
j = 1) 2, of orders bigger than one and the set iVj,i,2- Moreover, if 
y G /^^(sj) corresponds to an element from A^j,i,2; then / is an isomor- 
phism of a neighbourhood V ofy and its image fiV), and if ?/ G /~^(sj) 
corresponds to a cyclic permutation ai^ij of order bigger than one, then 
the restriction of / to a neighbourhood of y is a cyclic covering of a 
neighbourhood of Sj of degree j branched along the j-th branch of 
the negative node. It is locally isomorphic to a subvariety of C'^ given 
by w^'-'^-i = V — Vj{u), where v — Vj{u) = is a local equation of the 
j-th branch of H at the point Sj. These local isomorphisms define on 

Y a structure of smooth manifold at each point y G f~^{si). 

Let X = Si E Critanaiytic-ff , that is, Si is a critical point of H which 
is not a negative node. Then over a small neighbourhood U of in 
which H is given by an analytic equation, the preimage / {U) is the 
disjoint union of Us- open neighbourhoods being in one-to-one corre- 
spondence with the orbits of the action of ^{Gi) on the set consisting 
of N elements. By the theorem of Grauert, Remmert and Stein (for a 
proof see [21]) we know that, over a neighbourhood U of Si the variety 

Y can be equipped with the structure of a two dimensional complex 
analytic variety. 

By assumption, in a neighbourhood U of L^o (where U = CF'^\B{R) 
and B{R) C is a ball of big radius R) the curve H coincides with 
the algebraic curve C C CP^ of degree m given in U by the equation 
— 1 = 0. If we choose the base point p to lie in U, we can consider 
a Zariski - van Kampen presentations of tti and of the fundamental 
group TTi = 7ri(CP^ \ (C" U Loo),p) having the same sets of generators 
and it is easy to see that these presentations define an epimorphism 
e : TTi ^ TTi. The composition no e defines a ramified covering g : Z ^ 
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CP^ branched along C and, maybe, along L^o- It is easy to see that 
the coverings / and g are isomorphic over U . Therefore the variety 
f~^{U) can be identified with g~^{U) by means of an isomorphism 
h : f~^{U) — > 'g~^{U) so that f~^{U) can also be considered as a 
complex analytic variety. Let i : Z ^ CP™""" be an embedding such 
that g is defined by the projection {z'q : z[ : ■ ■ ■ : z'^^) —>■ {z'q : z[ : z'^. 
Put Zj = h*{Zj), j = 3, . . . , moo and 

^,oo = — > J = 3,..., moo- (9) 

Zo 

Theorem 3.1. Let H be a Hurwitz curve with negative nodes, /i : 
7ri(C^ \ if) — > Ejv a monodromy, and f : Y ^ CP^ the covering as- 
sociated with the monodromy /i. Then Y can be embedded into some 
projective space CP^ as a symplectic subvariety with analytic singular- 
ities. 

Proof. Below, for each point p G , we denote hy Vp <Z Up small balls 
= ui{p) + \vi- vi{p) p< 5i} and Up = {\ m - ui{p) p 

+ I Vi — Vi{p) p< ^2} of radii 5i and ^2, < 5i < ^2 << 1, and by 
Pp : CP^ — > R we denote a smooth non negative function such that 
Pp\Vp = 1 and Pp|cp2\[/j, = 0. 

To construct the desired embedding, let us choose two open coverings 
{U} and {Vi} oi CP^ as follows. _ 

For each point e Critanaiytic-f^ which is not a negative node, let us 
choose small neighbourhoods V' C V.. C U.. C U' such that 

(ci) the curve U'g. (1 H is analytic in U'g.; 

(02) the preimage /"^{Ug.) splits into the disjoint union of neigh- 
bourhoods of the points yij e f~^{si); 

(cs) the radius of the bah Vg. (resp. C/sJ is strictly less than the 
radius of Vs- (resp. U'^J. 

Let C Voo C Uoo C U'^ be open neighbourhoods of Loo such that 

(C4) in f/^, the Hurwitz curve coincides with the curve C given 

in U'^ by equation — 1 = 0; 
(C5) C/^ n y/. = for all neighbourhoods V^. of singular points Si 

chosen above; 
(ce) the closure V^o C. Voo and the closure Uoo C. t/^. 
Let Poo '■ CP^ ^ R be a smooth non negative function such that 

PooiVoo = 1 and Poo|cp2\c/oo = 0- 

Let us add the neighbourhoods Uoo and Voo to the sets {Usi} and 
{Vsi} chosen above. 
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Next, for each point p E Cl \ ((UKJ U Kx>), we can find open neigfi- 
bourlioods Vp C Up of p such that 

(cy) Up n = and t/p fl = for the neighbourhoods V^, and 
chosen above; 

(cs) the preimage f~^{Up) sphts into the disjoint union of neigh- 
bourhoods of the points yj G f~^{p)- 

(cg) if p G t/g^ (resp. p G f/^) for some neighbourhood U'^^ (resp. 

f/^) chosen above, then Up C f/^, (resp. f/p C f/^); 
(cio) if p ^ (U.,gcriwa,,«,j?f^;) U f/^, then Up n ((U, 

f/oo) = 0. 

Let us add the neighbourhoods Up and Vp to the sets {Us^} and {K J 
chosen above (here, one of s, = oo). As a result, we obtain two open 
coverings V = {V^} and U = {Up} of CP^. 

For U' = U'^ let ( 

"^3,00; • • • ;'U^moo,co) be functions in Y \ f ^(^L^q) 
defined by Wj^oo = f*{,Poo)w'j for j = 3, . . . , moo, where the functions w'^ 
were defined in ©■ 

For each ?7^., where Si G Critanaiytic-f^, there are complex analytic 
functions w[^g_, . . . , ,,. in f/^. = f~^{Ui.J such that these functions 
together with f*{ui) and f*{vi) give an analytic embedding of U'^. to 
Denote by Wj^s^ = f*{Psi)u!j .,., 1 ^ j ^ m^., functions in Y. 

By construction of the open coverings, the preimage f~^{Vp) = 
IJVpj (resp. f~^{Up) = IJUpj) splits into disjoint union of nip = Up 
connected neighbourhoods Vpj (resp. Upj), j = 1, . . . ,np. If p E H, 
then a neighbourhood Upj is isomorphic to a subvariety of C'^ given in 
coordinates {ui,vi,Wjp) by 

where f i — f i.p(Mi) = is the equation of H in Up. Extend the functions 
w'jp by putting 'w'^p^fj = for Z 7^ j and choose constants w^p, j = 

1, . . . , nip, so that the functions (ui, Vi,w[^p, . . . , w'^^ p) define a smooth 

embedding of Up to C'"*'"^^. Denote by Wj.p = f*{pp)wjp, j = 1, . . . , nip, 

functions in Y. ^ ^ ^ 

Note that if y G f~^{H) fl V^j fl Uqj, where p,q ^ 00 and p,q ^ 
Grit analytic -f^, then by the definition of the functions Wj^p and Wj^g, we 
have Tj^p = Tj^q = Tj and there is a r^-th root (p^q of unity such that 

Wj^q = Pq{Ul, Vl){Cp,q{Wj,p - W^p) + W^p) 

Wj',q = for f j 

in a neighbourhood of y. 
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Similarly, ii y e f-\H) n l^^- n U, (resp. if y G f-\H) nV^H U^j), 
where q — oo or q E Sing^^^iy^j^^H , then by the definition of the functions 
Wj^p and Wi^q and by properties (ci), (04), (cg), and (cio), we have 

(wj^p-wlP ^v^-F(u,) (11) 

and 

Wi,q = Pq{ui, vi)hi{ui, Vi, Wj^p) for 1 ^ i ^ (12) 

(resp. Wj^p = Pp(ui- vi)hj{ui,vi,wi^q,w2,q,ws^q, . . . ,Wm,,q), here 
and 'u;2,g are constants if g = oo) in a neighbourhood of y, where F 
and all hi (resp. hj) are analytic functions, and Vi — F{ui) = is an 
analytic equation of some branch of H. 

li p ^ H U Loo, then we can assume that / defines an isomorphism 
of the neighbourhoods Upj and Up lor j — 1, . . . ,mp = N. Choose 
N different constants and define functions Wj^p = f*{Pp)Wj^p, j — 
1, . . . , rUp, in Y, where the function Wjp is defined in Up as follows 



w 



wIp iiqe Upj 
iiq^ Upj. 



Choose a finite covering Vq = {Vp^j \ 1 ^ i ^ k, 1 ^ j ^ ''^pi}U{Voo} 
of y, set 



M = moo + 



^3 = Wa^oo) • • • ) 'i^m^ = 'Wm^,oo-, ^ud enumerate the set of functions 

{wj^p^ \1 ^k, 1 ^ i ^ nip.} 

by the numbers moo + 1) • • • ; M. 

Consider a hnear projection p : — > CP^ given by 

{zq : Zi : Z2 ■ • ■ ■ Zm) — (^o ■ ■ ^2)- 

The base locus of p is a projective space P ~ CP^"^ given by equations 
Zq — Zi — Z2 — The restriction of p to £ = CP^ \ P defines on C the 
structure of a vector bundle over CP^ the zero section of which is given 
by 2:3 = • ■ ■ = Zm = 0. Over the charts with coordinates {ui,Vi), 
i = 1, 2, 3, the bundle C is trivial, it is isomorphic to Cf ~ Cf x Cf 
In particular, {z^/zq, . . . , zm/zq) are coordinates in C^~'^. 
Over Cl, consider a map a' : /~^(C^) given by 

<^'{y) = {r{ui){y)J*{vi){y),w3{y), ...,WM{y))- 

Since for pj 7^ 00 each Up. is a subset of and all functions Wj^p^ = 
at the points lying over the complement of C/p., the map a' can be 
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extended to a map a : F — > £ as follows. Over the neighbourhood 
/~^(K)o) ^ equals i oh, where h was defined above and i is a 

linear embedding of CP""- to CP^ given by 

i((zo : ■ • ■ : ZmJ) = [zq : ... : : : ... : 0). 

It is easy to see that a is an embedding such that Oi{Vg.) and OiiV^) 
are analytic subsets of £ for = for all neighbourhoods 

K' =7~HKJ,5,eCrita,aiytic^. 

Denote by Vt the restriction of the Fubini - Studi form Q,m to C In 
the chart C]^, it has the form 

M 

I ^^(dwfc A dwk + "^^^iwjWjdwk A dwk — WjWkdwj A dw^)) 

n^J^ , 

M ' 

(13) 

where Wk = — and Wi — i^i, W'z — Vi. 

Denote by the same symbol e — (£i,£2) a collection of two positive 
numbers and the linear transformation e : CP^ CP^ given by 

(zq : Zi : Z2 : Zs : ... : Zm) (zq : Zi : £i2;2 : £2^3 : ■ ■ ■ : £2^m)- 

Denote by u-g the restriction of the form Q to 1^ = {e o a) (Y) . Let 

us show that there exist a positive constant Ci and a positive function 
C2(t), t G (0,Ci], such that 1^ is a symplectic in C for all e = {61,62} 
with 61 ^ Ci, 62 ^ 02(61). Note that if 61 is small enough, then the 
image of H under the map {zq : zi : Z2) ^ {zq : Zi : 61Z2) becomes 
symplectic. 

For each e, the form uj-^ is a symplectic form at the points from the 
neighbourhoods (e o q;)(V/,), where Sj is an analytic singular point of 

H, and from {Eoa){V^), since is an analytic subvariety of C at these 
points. 

For each point y not belonging to the ramification locus of /, the 
variety Y is given locally at a{y) by equations Wj — Fj{ui,vi), j — 
3, . . . , M, where Fj{ui, vi) are smooth functions in a neighbourhood of 
f{y). Therefore the variety Y^ is given locally at {6oa){y) by equations 
Wj = 62Fj{ui, j = 3, . . . , M. It is easy to see that for each fixed 61 
and for 62 being small enough, the form cu-g is symplectic at (e o a){y), 
since the variety Y^ is very close to the algebraic variety given by wj = 0, 
j — 3, . . . , M, which is symplectic. 
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Consider a point y G f'^{H) belonging to the ramification locus of 
/ and such that /(y) ^ Up for p G Cr it analytic -f^ and for p = oo. By 
(finjl . renumbering the coordinates W3, . . . , wm, we can assume that 
is given in a neighbourhood of a{y) by equations 

Wj = pj{ui,vi)hj{w3), j^4:, 

where r ^ 2, pj are smooth functions, hj = (3^(103 — 103^) + Wj^ are 
analytic functions, vi — F{ui) = is the equation of a branch of H 
at the point /(|/),^and the point a{y) = (mi,o, -F(mi,o), ^3,0, • • • ,WAf,o)- 
Then the variety is given by equations 



w 



3 



(15) 



in a neighbourhood of {e o Q;)(y) = (mi.o, £^1-^(^*1,0), £^2^^3.0, • • • ,£2W^a/,o)- 
Denote by A = = 5, = = 

Pj{a{y)), hj o = hj{w3fi), j = 4, . . . , M. It follows from |T3|) that at the 
point {e o a){y), we have 

(ifi = ei{Aidui + A2dui) 
dvi = 6i{A2dui + Aidui) 

and 

dwj = pj^oBjdw3 + e2hj^o{Cj^idui + Cj^2dui + Dj^i^ + Dj^2^ 
— - — — ^ ^ki+n.M 



dwj = pjfiBjdw3 + e2hj^Q{Cj^2dui + Cj^idui + Dj^2^ + Dj^i^), 



j = 4,...,M. 

If we substitute (fT^ to (fT7|) . we obtain that 



;i7) 



18) 



= pjQBjdw3 + £2^^^ 
ciwj = pjflBjdw3 + e2T'j, 
where the forms uj and Vj do not depend on e for j = 4, . . . , M. 

It follows from (fTB|) and (fTS|) that for each very small e the tangent 
space of Y^ at the point (eoa) (y) is very close to the tangent space at the 
point {eo a){y) of a linear algebraic variety Z given by vi = 6iF{uifi), 
Wj — Wjfl = pjflBj{w3 — W3fi), j = 4, . . . , M. Therefore for each very 
small e the form is symplectic at {e o a){y). By continuity, it is 
symplectic in some neighbourhood of {e o a) {y) . 

Consider a point y G f~^{H) belonging to the ramification locus of / 
and such that f{y) G Up for some p G Cr it analytic-^ or p = 00. By |TT|l 
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and (|T^ . renumbering the coordinates W3, . . . , wa/, we can assume that 
there is some n, 3 ^ n ^ M, such that is given in a neighbourhood 
of a{y) by equations 

hj{ui,Vi,W3,...,Wn) =0, j = 3, ...,n .^g, 

pj{ui,Vi)hj{ui,Vi,W3, . . . ,Wn) =Wj, j = n + l...,M, 

where pj are smooth functions and hj are analytic functions at the 
point f{y). Let (mi^o; ^i,0) "W^s.O! • • • ? u;m,o) be the coordinates of the point 
a{y). Then the variety Yj is given in a neighbourhood of {e o a){y) = 
(mi,o, sivi^o, £2^3,0, • • • , £2Wm,o) by equations 

h,{uuf^,^,...,^) =0, j = 3,...,n 

Set Aj^; = (a (y)) forj ^ j ^ M, 1 ^ / ^ n, (here Wi = ui and 
W2 = f 1) and by Bj = pj{uifi, f 1,0) for n + 1 ^ j ^ M. 

It follows from (j2(jp that for each fixed positive Si and for very small 
62 the tangent space of Y^ at the point (e o a){y) is very close to the 
tangent space at the point {e o a){y) of a linear algebraic variety Z 
given by 

n ^ 

Aj^i{wi - 62101^0) = -Aj^i{ui - Mi.o) —{vi - £1^1,0), 3 ^ j < n 

n 

Bj ^ - £2Wifi) = Wj - e2Wjfi, n + 1 ^ j ^ M. 

1=3 

Therefore for fixed ei and for each very small 62, the form uj^ is symplec- 
tic at {eoa){y). By continuity, it is symplectic in some neighbourhood 
of (eo «)(?/). 

To complete the proof, it suffices to apply the compactness of F. ■ 

By Lemma 12.11 and by Hironaka's Theorem on resolution of singu- 
larities, we have 

Corollary 3.2. Let f : Y ^ CP^ be a finite covering branched along a 
Hurwitz curve H (possibly, with negative nodes) and, maybe, along L^o, 
and associated with a monodromy p : 7ri(C^ \ H) — > S^v- Then there 
exist collections of positive integers (Mi, . . . , M^) and (wi, . . . , rik) such 
that a resolution Y of singularities of Y can be embedded as a symplec- 
tic submanifold to (CP^^^ x ■■■ x CP*^^ fi„i,...,„J, where ^nu...,nk = 
uipKQmi) + ■ ■ ■ + nkPl{^Mk) (i'lT'd is the Fubini - Studi symplectic 
form on CF^''^ . 
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Theorem 3.3. In the notations of the proof of Theorem \l^.l\ let Y be 
a smooth manifold. Then the symplectic structure, constructed in the 
proof of Theorem \'d.l\ and given by the symplectic form uj^, does neither 
depend on e if the coordinates ofe are small enough nor on the choice 
the coverings U and V, and on the choice of the functions Wij . 

Moreover, if i : Y ^ CP^ is an algebraic embedding (in the case 
when H is an algebraic curve) and f = p o i, where p : CP^ CP^ is 
a linear projection, then (Y,lj-^) and {Y ,i*{Qj^)) are symplectomorphic 
fore being small enough, where Qn is the Fubini - Studi form on CP^ 
and uj^ is the form constructed in the proof of Theorem I3.ll 

Proof. Let oj-g = {e o where the embedding a : Y ^ C was 

constructed in the proof of Theorem 13.11 Note that for each e, < 
El ^ Ci and < £2 ^ C2{ei), the class [ujj] G Z) is dual to the 

class [f^^{L)\ G H2{Y.,'L)^ where L is a line in CP^. Therefore, by 
Moser's stability theorem for symplectic structures (see ITO], Theorem 
3.17), the forms define the same symplectic structure if < ei ^ Ci 
and < £2 ^ C2{^i)- 

The symplectic structure on F, defined by the forms uj-g does not 
depend on the choice of the coverings {Ui} and {V^}, and the choice of 
the functions Wij defining the embedding a. Indeed, let two collections 
and {w'lj} of functions define two embeddings a' : Y ^ C C. 
CP*^' and a" -.Y ^ C" C CP^^", and put ^ = (e o and 
ujj = (e o a")*{Q!'), where Q! and Q!' are the Fubini - Studi symplectic 
forms on CP^"^ and CP*^ respectively. Then we have an embedding 
a' X a" : f ^ C C" . Note that the form Vlt = t{p'y{Q') + (1 - 
t){p")*{Q") is a Kahler form for each t G [0, 1]. Since the segment [0, 1] 
is compact, applying a similar calculation as in the proof of Theorem 
13.11 one can show that there exists e = e' = e" , < Si ^ mm{c[, c'(), 
< £2 ^ niin(c2(£:i), ^'(ei)), such that tut^g = {{e o (a' x a"))*{ilt) is a 
symplectic form on Y for all t G [0, 1]. On the other hand, cjo.e = 
and LOi^e = and the forms ujt,e belong to the same cohomology class. 
Therefore, by Moser's stability theorem for symplectic structures, the 
forms ujt^e define the same symplectic structure on Y. 

In the case of an algebraic embedding i : Y ^ CP^ such that 
f = p o i, where p : CP^ CP^ is a linear projection, denote by a' : 
Y ^ C <Z CP^"*^' any embedding constructed in the proof of Theorem 
13. H and put a" = i. Applying the same arguments as above, it is easy to 
see that (Y, to^) and (Y, i*{Q]\r)) are symplectomorphic for e being small 
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enough, since the symplectic manifolds {Y, uj^) are symplectomorphic 
for all positive collections e, where = {e o a")*{QN)- ■ 

4. Embeddings of cyclic coverings of the plane into 
rational projective 3-folds 

In this section, we use the notations and assumptions of section ^ 
Let H he a Hurwitz curve of degree m. Consider the infinite cyclic 
covering f = foo '■ X' = \ H corresponding to the epimor- 

phism V : 7ri(C^\i/) Fi. The covering /oo can be factorized through 
the cyclic covering : X'^ —>■ C'^\H associated with the epimorphism 

modn O Z/, /oo = S'n O fn- 

In this section, we will show that the covering /„ can be extended to 
a smooth map /^ : X„ — » CP^ branched along H and, maybe, along 
Loo (if n is not a divisor of degH, then /^ is branched along Loo), 
where X„ is a real smooth 4-fold. 

Theorem 4.1. A resolution of singularities X„ of a cyclic covering of 
CP^ of degree n, branched along a Hurwitz curve H and, maybe, along 
Loo, can be embedded into some rational projective 3-fold ( equipped with 
integer Kdhler symplectic structure ) as a symplectic submanifold. 

Proof. Since \ Hi and \ H2 are diffeomorphic for if-isotopic Hur- 
witz curves Hi and H2, we can assume that H satisfies conditions © 
and dHl). 

By Lemma 12.11 and by Hironaka's Theorem on resolution of singu- 
larities, it suffices to show that for some extension /„ : X„ CP^ 
of /^ : X'^ —>■ X', the variety X„ can be imbedded to some rational 
projective 3-fold (equipped with integer Kahler symplectic structure) 
as a symplectic subvariety with analytic singularities. 

To show this, denote by d the smallest non-negative integer for which 
m + d is divisible by n. Put m + d = kn and consider the line bundle 
p : C{k) ^ CP^ (see section [T)) associated with the sheaf Oc¥2{k). 
By Lemma 11.41 the Hurwitz curve H coincides with the zero locus of 
a smooth section of C{m) over CP^ such that 'Sm is analytic in a 
neighbourhood U of Loo and in neighbourhoods of all critical points of 
H. 

Denote by the section of C{d) defined over by W2 = The 
product 

^m+d Sm^d (^1) 

is a section of £(m -|- d), where Sm is a section of C{m) satisfying all 
conditions from Lemma fl. 41 
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Define a : X„ ^ C{k) by the equation 

W'l = Sra+d{Ui,Vi) (22) 

and put /„ = J5|x„; where p : C{k) CP^ is the morphism defining on 
C{k) the structure of the fine bundle. In particular, X„ is given by the 
equation 

in Cf and it is given by 
in Cl 

Obviously, over CP^ \ {H U Loo) the covering /„ is an unramified 
n-sheeted cyclic covering. Next, all singular points of the variety 
lie over singular points of H and, maybe, over L^o. Moreover, by 
construction of the section Sm+d, the set SingX„ is complex analytic 
in some neighbourhood U C C{k). 

The line bundle C{k) is a quasi-projective variety and it can be com- 
pactified to a projective three dimensional rational manifold C{k) by 
adding a section "at infinity". 

The variety jC{k) has many different embeddings to projective spaces, 
since its Picard group Pic(£(/c)) ~ Z © Z. We can choose one of these 
embeddings, for example, the following one. 

In the neighbourhood C'^ with coordinates {ui, Vi,Wi) consider mono- 
mials ul'^vl'^Wi^ , ^ ai + a2 + ka3 ^ k + 1, the number of which is equal 
to _|_ 3^ Put = (^+2X^+3) _|_ 2 and consider a rational map 

h : C{k) — » CP^ given in C'f by Za = ul^v^'^wl^, where a = (ai, 02, as) 
are triples of integers and % are homogeneous coordinates in CP^. It 
is easily to check that h is an embedding. 

Consider the Fubini - Studi form on CP^ and denote by f2 = 
h*{QN) its pull back. 

As in the proof of Theorem 13. ![ denote by the same symbol e = 
[si, 62) a collection of two positive numbers and automorphism of C{k) 
given in C? by {ui,vi,wi) -> {ui,eiVi,e2Wi). 

The calculations (we omit them) similar to the calculations done in 
the proof of Theorem 13.11 show that there exist a positive constant Ci 
and a positive function C2(t) such that Xj = (e o a)(X„) is a sympectic 
subvariety of C with analytic singularities for all e = {€1,62) with 
£1 ^ Cl, £2 ^ C2{ei). m 
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5. Alexander polynomials of Hurwitz C-groups 

Let H he a Hurwitz (resp. topological Hurwitz) curve of degree m. 
Since any Zariski - van Kampen presentation of 7ri(C^ \ H) is a C- 
presentation of a Hurwitz C-group of degree m, Theorems 10.11 and 10.21 
are corollaries of the following Theorems 15.11 and 15.21 

Theorem 5.1. Let G ElH. he a Hurwitz G-group of degree m and A(t) 
its Alexander polynomial. Then 

{{) A{t) e Z[t]; 

(ii) A(0) = ±1; 

{iii) the roots of A{t) are m-th roots of unity; 

(iv) the rank of the free part of N'/N" is equal to deg A(t); 

(f) the action of he on N/N' ^ C is semisimple. 

Proof. Consider the exact sequence of groups 

1 ^ ^ G ^ Fi ^ 1. 

This exact sequence induces an automorphism h G Aut (an action of 
the C-generator a; G Fi on A^) given by h{n) = x~^nx for n ^ N, where 
X is one of the C-generators of G. Evidently, the automorphism h is 
defined uniquely up to inner automorphisms of the group A^, therefore 
h defines an automorphism h G Ant N/N'. 

In [I3|, it was proved that for a Hurwitz C-group G, the group A^ 
is finitely presented. Therefore N/N' is a finitely generated abelian 
group. Let N/N' = T © F be a decomposition into the direct sum of 
the torsion subgroup T and a free abelian group F. Note that T is a 
finite group and F is finitely generated. The automorphism h of N/N' 
induces an automorphism of T and therefore an automorphism h of 
F ~ {N/N')/T. If one chooses a free basis of the Z-module F over 
Z, then this automorphism will be given by a matrix H with integer 
coefficients. Since the automorphism he of N/N' ® C can be given by 
the same matrix H, the polynomial A(t) = det{H — tld) G Z[t]. And 
since h G Aut F, then det H = ±1 and therefore, A(0) = ±1. 

Let us show that h"^ is an inner automorphism of A^. Indeed, since 
G is a Hurwitz group of degree m, it is generated by C-generators 
Xi, . . . ,Xm such that the product Xi . . .x^ belongs to the center of G. 
Therefore the element = n ■ xi . . . x^, where n E N, induces on A^ 
an inner automorphism. Thus the induced automorphisms h"^ of N/N' 
and h^ of N/N' ® C are trivial, that is, h^ = Id. 

Since h^ = Id, all roots of the polynomial A(t) = det(/ic — ^Id) are 
m-th roots of unity, and the action of he on N/N' (g) C is semisimple. 
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Theorem 5.2. Let G be an irreducible Hurwitz C-group, then 
i^) A(l) = 1; 

(a) degA(t) is an even number; 
(Hi) A(t) is a reciprocal polynomial. 

Proof. It follows from Lemma 6 in 10^ that A(l) = ±1. Let us show 
that if: = — 1 also is not a root of A(t). Indeed, if t = —1 is a root of 
A(t), then A(t) = {t + l)P{t), where P{t) is a polynomial with integer 
coefficients. Therefore 2P(1) = ±1. But this is impossible, since -P(l) 
is an integer. 

By Theorem 15.11 all roots of A(t) G are roots of unity. They are 
non-real, since t = ±1 are not roots of A(t). Thus, deg A()f:) is an even 
number and (ii) is proved. 

It is well known that if A is a primitive k-th root of unity, k > 2, and 
a polynomial P{t) G Z[t] has A as one of its roots, then all primitive 
k-th roots of unity are roots of P(t). In particular, A~^ is also a root 
of P(t) and (Hi) is proved. 

Since A(t) = det{hc — tld) and degA(t) is an even number, then 
A(t) = tdegA{i) _^ _ _ _ _ ^(^^^ ^ JJ$fc,(t) be a factorization as the 

i 

product of fcj-th cyclotomic polynomials. Now statement {i) follows 
from well-known Lemma f5.H| since A(l) = ±1. 

Lemma 5.3. Let $fe(t) be a k-th cyclotomic polynomial, k > 1. Then 
Ml) = { I 

Proof. By induction on A; > 1, Lemma f5.3l follows from the equalities 

k~l 

Mt)= ^ , '^.(l)= -rr and MO) = Y^—-- 

n n ^'^(1) n •^•^(q) 

d\k d\k d\k 

d<k d<k d<k 

■ 

Corollarv 10.31 is a consequence of 

Corollary 5.4. Let G be an irreducible Hurwitz C-group of degree 
m = p^ , where p is a prime number. Then 

{{) A(t) = 1; 

(ii) the group G'/G" is a finite abelian group. 



p if k = p^ for some prime number p 

if k ^ p"' for any prime number p. 
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Proof. By Theorem all roots of A(t) are m-tli roots of unity. Let 
A be one of the roots. Assume that A is a primitive p^'-th root of unity, 
1 ^ k ^ n. Then A is a root of the p^-th cyclotomic polynomial 

and there is a polynomial f{t) G Z[t] such that A{t) = $pfc(t)/(t). By 
Theorem EH %k{l)f{l) = ±1. On the other hand, /(I) G Z and 
= p. Therefore A(t) has no roots. Thus, deg A(t) = and the 
group G'/G" has no free part, that is, it is a finite abelian group. ■ 

Lemma 5.5. Let Gi and G2 be G-groups and Ai(t) and A2(t) their 
Alexander polynomials. Assume that there is a G-epimorphism f : 
Gi —* G2. Then A2(t) is a divisor of Ai{t). 

Proof. Denote by Ni the kernel of the canonical C-epimorphism z/j : 
Gi ^ ¥1, i = 1,2. It is easy to see that the homomorphism g in the 
commutative diagram 



1 



No 



f 



G, 



1^2 



Fi 



Fi 



is an epimorphism. This diagram induces the following commutative 
diagram 



1 _ N^/N[ G,/N[ 
N2/N^ G2/N^ 



fit 



f2* 



Fi 



Fi 



1 



in which (7* is also an epimorphism. 

It follows from diagram (*) that A2(t) is a divisor of Ai(t), since 
h2{g*{n)) = g^{hi{n)) for any n G Ni/N[. ■ 

Theorem 5.6. Let G be a Hurwitz G- group of degree m. Then its 
Alexander polynomial A(t) divides the polynomial {t — l){t"^ — 1)™""^. 

Proof. Consider the Hurwitz C-group 

Gm =< xi, . . . ,Xm I [xi, xi. . .Xm] = 1, i = 1, ■ ■ ■ ,m > . (23) 

For any Hurwitz C-group G of degree m there is a natural G- 
epimorphism / : Gm G sending the C-generators Xi of Gm to the 
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C-generators Xi of G for which the product xi . . . Xm belongs to the cen- 
ter of G. Therefore to prove Theorem 15 .61 it is sufficient to show that 
the Alexander polynomial of Gm is equal to (— — — 

Denote by the kernel of u : Gm Fi and put y = Xi . . .Xm- 
Without loss of generality, we can assume that h{n) rr, for 

n G Nm- In |[TB|, applying the Reidemeister - Schreier method, it was 
shown that is generated be the elements 

Q-fcj = x^XjX^ \ (24) 

where j = 2, . . . , m — 1, e Z, and by the elements 

where A; G Z. Then the action h is given by h{akj) = ctk+ij- 
The relations 

yxj = XjV, j = 2, . . . , m, 
give rise (see [T3j) to relations 

(26) 

for G Z and to relations 

akj (27) 

for J = 2, . . . , m — 1 and A; G Z. Therefore is a free group generated 
by ao,m andj3fcj, k = 1, . . . ,m, j = 2, . . . ,m - 1. 
We have h{ao^rn) = ao,m and 

h{ak,j) = Ofc+ij 
for = 1, . . . , m — 1, j = 2, . . . , m — 1 and 

for j = 2, . . . , m — 1. 

Let (Ik j be the image of ak j in Nm/N'^. Then the action h is given 

by 

/i(afc,i) = ak+i,j for = 1, . . . , m - 1, j = 2, . . . , m - 1, 

hicim.j) = ^ij for J = 2, . . . , m — 1. 

Simple computations show that the characteristic polynomial of h is 
equal to (-l)™-i(t - l)(t™ - l)"'-^. ■ 
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It is easy to check ([HIl, Lemma 4) that G/G' is a finitely generated 
free abehan group for any G-group G. Moreover, the canonical epi- 
morphism ab : G G/G' is a G-homomorphism if we choose ab(xj) as 
the G-generators of G/G', where the set {xi} is the set of G-generators 
of the group G. We say that a G-group G consists of n irreducible 
components if G/G' ~ Z". The notion of the number of irreducible 
components of a Hurwitz G-group is explained by the following simple 
lemma. 

Lemma 5.7. A (topological) Hurwitz curve H consists of n irreducible 
components iff its fundamental group tti = 7ri(C^ \ H) consists of n 
irreducible components. 

Trivial computations show that the Alexander polynomial A(t) of an 
abelian G-group Z"' is equal to (— — Therefore, Lemma 

15.51 implies the following 

Lemma 5.8. The Alexander polynomial A(t) of a Hurwitz C-group G 
consisting of n irreducible components is divisible by (t — l)"^-*^. 

Theorem 5.9. Let a Hurwitz C-group G consist of n irreducible com- 
ponents and A{t) be its Alexander polynomial. Then 

A{t) = {t-ir-'p{t), 

where the polynomial P(t) G satisfies -P(l) 7^ 0. 

Proof. Let m be the degree of the Hurwitz G-group G. To obtain 
a G-presentation of G, it is sufficient to add several G-relations to 
presentation (|^. 

Since G consists of n irreducible components, the set {l,...,m} 
splits into a disjoint union of n subsets Ji, . . . , J„ such that ji, G Jk 
iff Xj-^ and xj^ are conjugated in G. Let Jk = {ji,k < ■ ■ ■ < jmk,k}- 
Without loss of generality, one can assume that among the added G- 
relations there are relations 

for 2 = 1,..., rrik — l,k = l,...,n, and for some words Wj. j, j^^i Let 
^(''^ji k,ji+i ~ ' where x is the G-generator of Fi. 

Consider diagram (*) in which Gi = Gm and G2 = G. In the no- 
tations of the proof of Theorem 15.61 the elements ao,m and YlT=i'^k,j, 
j = 2, ...,m — 1, generate the eigenspace {Ni/N[)i of Ni/N[ cor- 
responding to the eigenvalue 1. Its image g^{{Ni/N[)i) ® C is the 
eigenspace of N2/N2 ^ C corresponding to the eigenvalue 1. 
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Applying the Reidemeister - Schreier method, the element ao,m, de- 
fined in I^E^, and the elements akj, k = 1, . . . ,m, j = 2, . . . ,m — 1, 
defined in ()24j) (more precisely, their images under g^), also gener- 
ate the group N2 and each relation (j2HI) (after the substitution xi = 
y{x2 . . . Xm)~^) gives rise to the relations 

if 1 < ji^k < 3i+i,k < m, 

m—l 

dO^miW a7+m-s,m+l-s)^r+l,lj,+ i,fc = r,l,j,+^^t,Clr+t^^^^^^^^ (30) 
s=2 

if 1 = ji^k < ji+i,k < m, 

^r,ji^k''^r+l,ji^k,m = '>^r,ji^k,m (31) 

if 1 < ji^k < ji+i,k = m, and 

m—l 

O'0,m{Y\_ '^r+m-s,m+l-s)^r+l,l,m = "W^r,!,™ (32) 
s=2 

if 1 = jj jt < ji+i^k = where r G Z and each word Wrj^ ^j^^-^ 



,k 



-{r+tj. ) 

^m'"^i» feji+i fe.i^m is written in the generators a;, s. 

As in jin], one can show that the words w^j. ^.j-^^^ j, and Wr+mj, k,ji+i k 
are conjugated in G2 by ao,m- Therefore, taking the sum over r, rela- 
tions (j2ni) ^ (|S21) give rise in N2/N2 to the following relations: 

m m 

if 1 < ji^k < ji+i,k < m, 

m~l m m 

-J2J2^^'' = Y1 ^^>k+.,k (34) 



if 1 = ji^k < ji+i,k < m 



s=2 r=l r=l 



E^--x^=0 (35) 



r=l 

if 1 < < = m, and 

m—l m 

"^«0,m - X] X] ^^''^ ^ ^ ^3^) 
s=2 r=l 

if 1 = < ii+i^k = m. 

It is easy to see that for any decomposition {1, . . . ,m} = |Jfc=i ^k, 
equations ()33p - ()36|) are linear independent over Z, their number being 
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m — n, and the elements ao,m and YlT=i'^r,s, s = 2, . . . , m — 1 gener- 
ate the eigenspace {Ni/N[)i. Therefore the rank of the kernel of the 
restriction of to (A''i/A^()i is not less then m — n. Thus 

dim{N2/N^ ® C)i ^ dim(A^i/iV( ® C)i - (m - n) = n - 1. 

On the other hand, by Lemma 15.81 the Alexander polynomial A{t) 
of a C-group G consisting of n irreducible components is divisible by 
(t- 1)"-^ ■ 

Corollary 5.10. Let a Hurwitz C-group G consist of n irreducible 
components and A(t) he its Alexander polynomial. Then 

A(0) = (— i)'^^s^(*)~(""i). 
Proof. The Alexander polynomial 

degA(t)-l 

A(t) = det(/ic - tid) = (-t)d<=s^(*) + at' 

satisfies, and by Theorem 15 ■9[ A(t) = {t — l)"^^P(t) where the poly- 
nomial P{t) G is such that -P(l) 7^ 0. Therefore the polynomial 
P{t) = (—^y^^^^^^Yli^n.i't) is a product (up to sign) of some cyclo- 
tomic polynomials ^nX't) with > 1. By Lemma (5 .Hf $ni(0) = 1 for 
all Hi > 1. Therefore A(0) = (-l)'^-i(-l)^^*^ = (-l)dog A{t)-(n-i)^ ^ 

Lemma 5.11. Let j : {1, . . . , n} — > {1, . . . , m} be an injective function. 
Assume that a C-group G is generated by C-generators xi, . . . ,Xn and 
w = xi . . .Xm is a quasipositive word in xi, . . . ,x„ {that is, each Xk 
is conjugated to some Xj^. G {xi, . . . ,x„}) such that Xj(^i) = Xi for i = 
1, . . . ,n. If w belongs to the center of G, then G is a Hurwitz C-group 
of degree m. 

Proof. Let G =< Xi, . . . ,x„ | i? > be a C-presentation of the group 
G. Put J = {1 ^ j ^ m I j = j{i), i = 1, . . . , n}. By assumption, we 
have Xj(j) = x, and 

Xj = wJ^Xi^Wj (37) 

for i ^ J, where Wj is a word in Xi, . . . , x„. Note that relations (jHTj) are 
C-relations. Therefore if we add the generators Xj, j ^ J, to the set of 
generators {xi, . . . ,x„} and add relations (jHTf) to i?, then we obtain a 
C-presentation of the same group G. To complete the proof, it suffices 
to renumber the obtained set of generators. ■ 

Proposition 5.12. Let Gi, i = 1,2, be a Hurwitz C-group of degree 
rrii and Aj(t) its Alexander polynomial. Then there exists a Hurwitz C- 
group of degree 2mim2 with Alexander polynomial A(t) = Ai{t)A2{t). 
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Proof. Let Gi =< xi^i, . . . ,Xmi,i \ -Rj > be a Hurwitz C-presentation 
of the group Gi of degree rrii. 

Consider the amalgamated product G = Gi *{a:™^,i=x™2,2} ^2- It is a 
C-group given by the presentation 

G =< Xi^i, . . . , Xmi,i, i = 1,2 I i?i U R2, Xmi,l = Xm2,2 > ■ 

Put Hi = Xi^i . . . Xmi,i, i = 1,2, and denote by A^j (resp. A^) the kernel 
of z/ : Fi (resp. of u: G ^ Fi). 

As in the proof of Theorem 15 .(i^ applying the Reidemeister - Schreier 
method, one can show that the group Ni (resp. N) is generated by the 
elements akj^i = x^i^iXj^iX^I'^^\ where j = 2, . . . , mj — 1, G Z, and 
by the elements ak,mi,i = ^mi,iyi^'^ii''^'\ G Z (resp. by the union of 
these elements, since Xmi,i = Xm2,2 in G). The set of defining relations 
of Ni (resp. of A^) is obtained from the set Ri = {x^-^iri,iX^^i \ ri^i G 
i?jn G Z} (resp. from R = RiU R2) after rewriting the words in the 
alphabet {ak,j,i} (resp. in the union of these alphabets). Therefore 

= iVi * is the free product of the groups Ni and A^2- 

Note that it follows from the proof of Theorem 15 .61 that the elements 
ak,j,i and ak+imi,j,i are conjugated in Ni for all / G Z. 

Let hi be the automorphism of Ni given by conjugation by x^-^j. 

Then the automorphism h of N given by conjugation by Xmi,i = Xm2,2, 

which is equal to hi* Therefore the Alexander polynomial A(t) of 

the group G is equal to A(t) = Ai(t)A2(t). 
Consider a group 

G = < Xi^i . . . , Xmi,i, ^ = 1, 2 I i?i U i?2, 3:^1,1 = 3^^2,2, 

[^j,i^yp] = 1, j = 1, . . . ,mi - l,i = 1,2 >, 

where i = {1, 2} \ {i} (recall that Xij, . . . , x^^j commute with yj). Let 
A^ be the kernel of u : G ^ Fi. 

To obtain a presentation of the group A^ from the presentation of 
the group A^ described above, one should add the relations induced by 
the relations 

[^j,i^yp] = 1, j = 1, . . . ,mi - i,z = 1,2. 

It is easy to see that these additional relations are 

since ak^m-j = o.k+i,mj in Ni for all k, that is, the additional relations (jHHj) 
say that akj^i and ak+mim2,j,i are conjugated. But these elements were 
conjugated in A^. Therefore N/N' ^ N/N' and the groups G and G 
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have the same Alexander polynomials. To complete the proof of Propo- 
sitionEH let us notice that y'^^y2^ = . . . Xmi,i)"'''{xi^2 ■ ■ ■ Xm2,2)"'' 
belongs to the center of the group G. Therefore, by Lemma f5. lit G is 
a Hurwitz C-group of degree 2mim2- ■ 

For two Hurwitz C-groups Gi and G2 given by Hurwitz C-presenta- 
tions Gi =< xi^i, . . . ,Xmi,i I Ri >, i = 1,2, the Hurwitz C-group G, 
constructed in the proof of Proposition l5.121 is called a Hurwitz product 
of Gi and G2. A Hurwitz product of Gi and G2 will be denoted by 
G10G2. Of course, a Hurwitz product of Gi and G2 depends on Hurwitz 
C-presentations of Gi and G2, but by Proposition 15.121 the Alexander 
polynomial of G10G2 does not depend on the Hurwitz C-presentations 
of the factors. 

Lemma 5.13. The fundamental group Gn,m = 7ri(C^ \ Cn,m) of the 
complement of the affine plane algebraic curve Cm.n, given by the equa- 
tion w^ — z"^ = 0, where n and m are any positive integers, is a Hurwitz 
G- group. 

Remark. Note that this lemma does not follow from the statement, 
mentioned above, on the fundamental group of the complement of an 
affine Hurwitz curve, since it is assumed there that the line at infinity 
is in general position with respect to the Hurwitz curve. Here, the line 
at infinity is in special position. If we consider the local fundamental 
group G = 7ri(i?e \ G), where G is an irreducible singularity in a small 
ball -Be, then G has always a natural structure of an irreducible G- 
group. It has a non-trivial center iff the singularity G is of type x^ = y'^ 
with p and q coprime (see 0). 

Proof. Indeed, a braid monodromy of the singularity = z"^ with 
respect to the projection (z, w) ^ 2 is equal to 

where ai, . . . , (T„_i are standard generators of the braid group Br„, that 
is, the generators satisfy the following relations CTjCTj+icrj = cJj+iCTjCrj+i 
for i = 1, . . . , n — 2 and [(Tj, aj] = 1 for | i — j |^ 2. The group Br„ 
acts on the free group F„ generated by xi, . . . , Xn- This action is given 
by aj{xi) = Xi if j ^ i,i + 1, aj{xj+i) = Xj, and (Jj{xj) = XjXj^iX~^. 
Denote by -Bn.m the cyclic subgroup of Br„ generated by Then 
(see [12]) the group 

Gfi.m ^ Xi, . . . , Xfi I Xi 6(Xj), i 1, . . . , Ti, 6 G Bn.m ^ 

is a C-group, and by Lemma 15. IH it is a Hurwitz C-group, since 
= (A^)™ G -Bn,m, where A„ is the Garside element of the braid 
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group Br^, and therefore the element (xi . . . Xn)"^ belongs to the center 
of Gn,m (since Al{xi) = {xi . . . Xn)xi{xi . . . Xn)~^ and Al{xi . . .Xn) = 

X\ . . . Xj^) • H 



Proposition 5.14. (^1]) // m and n are coprime, then the group 
Gn,m has the Alexander polynomial 

_ (t-l)(t--l) 

Proposition 5.15. The Alexander polynomial of the group G2.2m is 
equal to 

m—l 



A(t) = (l-t)^t2\ 



i=0 

Proof. It follows from the proof of Lemma 15.131 that 

^2,2™ =< Xi,X2 I [Xi, (X1X2)"'] = [X2, (X1X2)™] = 1 > . 

Let us show that the relations 

(a;iX2)"^] = 1, ^ = 1,2, (39) 
are equivalent to the single relation 

(X1X2)'" = {x2Xir. 

Indeed, relations (jH^ imply 

(XiX2r = xr'(XiX2)'"Xi = (x2Xir, 

the relation (X1X2)™ = (X2X1)™' implies 

X2(XiX2)'" = (x2Xi)'"X2 = (XiX2)'"X2 

and 

/ \ 771, ( \ TTl ( \ 77% 

X\\X\X2) = Xi(X2XiJ = (XiX2j Xi- 

Therefore 

G'2,2m =< a;i,X2 I (XiX2)"'(x2Xi)"'" = 1 > . 

Denote by r = (xiX2)"'(x2Xi)^™'. Applying the free differential calculus 
of Fox (|lj), it is easy to see that 

UJ-^) = l + t^ + ...+ 1) _ _ ^2m-3 ^1 

and 

Uj-^) =t + --- + 1 - 1) _ i2(„^-2) 

^0X2 
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Therefore 

m— 1 
1=0 



Consider the group 

G{2) =< Xi, . . . , X4 I X2X1X2 ^ = 3^4? = X2, = X2 (An\ 

[xi, Xi . . . X4] = 1 for z = 1, . . . , 4 > . 

Proposition 5.16. The Alexander polynomial of the group G{2) is 
equal to A(t) = — 1. 

Proof. Denote by N{2) the kernel of u : G{2) — ^ Fi and put m = 4 and 
y = Xi . . . X4. In the notations of the proof of Theorem 15.61 it follows 
from the relations [xi,y] = 1 for i = 1, ... ,4 that the group A^(2) is 
generated by the elements akj = x'lXjX4^^''~^^\ k = 1, . . . ,4, j = 2,3, 
and the element 09,4 = yx^^. In our case relations ()26|) and ()27|) have 
the form 

flfc,4 = ^0,4 and o-k+ij = ^^0,4*^^^00,4 (41) 

for all k. 

The relation X3 = X2 gives rise to the relations 

afc,3 = afc,2 (42) 

for all k. 

The relation x\x2 = X2x\ gives rise to the relations 

afc+2,2 = afc,2 (43) 

for all k. 

The relation x^Xi = x^x^, written as x^y = X4X2X4 (since X2 = x^), 
gives rise to the relations 

'^fc,2aA:+l,2a-fc+2,4 = 0'k+l,20'k+2,20'k+3,20'k+A,2 (44) 

for all k. 

It follows from PT|) - (jl^ that A^(2) is generated by 01^25 0,2,2 and 
ao,4, being subject to the relations 

ao,4 = (ai,2a2,2)~^(a2,2ai,2)^ = (a2,2ai,2)~"^(ai,2a2,2)^ 

and 

[012,00,4] = ['^2,25 (^0,4] = 1- 

Therefore the group N{2)/N{2y is a free abelian group generated by 
the images ai,2 and 02,2 of the elements 01,2 and 02,2- 
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As in the proof of Theorem 15.61 the action h on A^(2) is given 
by h{ai^2) = 0,2,2, ^(02,2) = ^3,2 = ai,2- The induced action h on 
N{2)/N{2)' is given by /?.(ai,2) = ^2,2 and h{a2,2) = 0^1,2 the character- 
istic polynomial of which is equal to (t — l)(t + 1). ■ 

Corollary 5.17. For any /c G N there is a Hurwitz C- group G consist- 
ing of two irreducible components whose Alexander polynomial A(t) = 
(t - l)P(t) IS such that \ P(l) |= k. 

Proof. If k > 2 then, by Proposition I5.15[ we have -P(l) = —k, where 
P(t) = — X]i=o^^^* is the factor of the Alexander polynomial A(t) = 
(1 — t) Yl'i=o of the group G2,2fc- If = 2, then, by Proposition 15.161 
the group G{2) has the desired property, since its Alexander polynomial 
is A(t) = {t — + 1). In the case k = 1, one can take the abelian 
Hurwitz C-group G = I? . ■ 

Proposition 5.18. For any A; G N there exists 

[i] an irreducible Hurwitz G -group whose Alexander polynomial ^{t) 

has deg A(t) = 2k; 
(ii) a Hurwitz G -group consisting of two irreducible components 
and whose Alexander polynomial A{t) = {t — l)P{t) satisfies 
degP(t) = k. 

Proof. By Propositions 15. and I^TT^ the Alexander polynomial A(t) 
of a Hurwitz product G2|^3 is equal to (t^ — t + l)'^. 

To prove (ii), it suffices to take the groups G{2) o G2% if /c = 2n + 1 
is odd and o G2"s ii k = 2n is even. ■ 

Question 5.19. Let P{t) G Z[t] be a polynomial whose roots are roots 
of unity, let t = 1 be a root of P{t) of multiplicity k, and P(0) = 
(^_X)degP(t)-fc^ y4sswme also that P(l) = 1 if k = 0. Does there exist a 
Hurwitz G-group G with Alexander polynomial A(t) = P{t)l 

6. The first Betti number of cyclic coverings of the 

PLANE 

Consider the infinite cyclic covering f = foo '■ -^00 ^ X' = \ H 
corresponding to the epimorphism v : 7ri(C^ \ H) Fi. Let h G 
Deck(Xoo/X') ~ Fi be a covering transformation corresponding to the 
C-generator x G Fi. We say that h is the monodromy of a Hurwitz 
curve H . The space X' will be considered as the quotient space X' = 
Xoo/Fi. In such a situation Milnor [T7] considered an exact sequence 
of chain complexes 

G(Xoo) G.{X^) ^ G.{X') 



37 



which gives an exact homology sequence 

. . . ^ H,{X^) H^{X^) ^ H,{X') ^ HoiX^) ^ (45) 

(We often write h instead of h^, if it does not lead to a misunderstand- 
ing). 

If Gn C Fi is an infinite cyclic group generated by /i", then X'^ = 
XooIGn and X' = where fin = ^i/Gn is the cychc group of 

order n. Denote by /i„ an automorphism of X/^ induced by the mon- 
odromy h. Then /i„ is a generator of the covering transformation group 
Deck(X4/X') = fin acting on X!^. We apply the sequence 

. . . ^ i7i(Xoo) i/i(Xoo) ^ H,{X'J Ho{X^) (46) 

constructed in the same way as to the infinite cyclic covering 
9n = 9oo,n ■ X;, to analyse the group Hi{X'J. 

Denote by Hi{Xoo, C)„ the subspace of Hi{Xoq, C) corresponding to 
the eigenvalues A of /i* which are n-th roots of unity and denote by 
Hi{Xoo, C)n,^i the subspace corresponding to the eigenvalues A 7^ 1 of 
h which are n-th roots of unity. Obviously, dimifi(Xoo, C)„ = r„ and 
dimifi(Xoo, C)„,^i = r„,^i, where r„ (resp. r„^^i) is the number of 
roots of the Alexander polynomial A(t) of the Hurwitz curve H which 
are n — th roots of unity (resp. not equal to 1). Note that by Lemma 
15.71 and Theorem 15. 9| 

r„ — r„,^i = ri = ^{irreducible components ofH} — 1. 

Proposition 6.1. We have 
{{} dimifi(X;,C) =r„ + l, 

(a) dimifi(Xj!j, C)i = ri + 1 = ^{irreducible components ofH}. 

Proof. This follows from the exact sequence ()46p . ■ 

Let H he a. Hurwitz curve consisting of k irreducible components 
Hi, ... , Hk- Choose a line L G C"^ belonging to the pencil of lines (with 
respect to which H is defined) and transversely intersecting the curve 
H. Denote by ji a circle of small radius in L with center at one of the 
intersection points fl L. It is easy to see that the cycles 71, . . . , 7^, 
corresponding to the chosen loops, form a basis in iJi(C^ \ H, Z) and 
are independent of the choice of the line L. Let 'ji, i = 1, . . . , k, he a 
cycle in Hi{X'^,Z) corresponding to a simple path f'^i^i). 

Lemma 6.2. The cycles •ji, i = 1, . . . ,k, are linear independent in 
Hi{X'^,'L) and form a basis in Hi{X'^i. 
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Proof. Obviously, all 7^ are invariant under the action hn- Now the 
proof follows from Proposition Ifj.ll {ii) and from the remark that un- 
der the homomorphism (/„)* : ifi(X^,Z) Hi{£? \ HjZ) we have 
(/n)*(7i) = n-fi. m 

In the notations of the proof of Theorem \4.1\ the covering /„ can be 
extended to a map /„ : Xn — > CP^ branched along H and, maybe, along 
Loo- Here X„ is a closed four dimensional variety locally isomorphic 
over a singular point of -ff to a complex analytic singularity given by an 
equation Wi = Fi{ui,vi), where Fi{ui, vi) = Yli'^i ~ vij{ui)) and the 
product is taken over those branches of H for which the closure contains 
the singular point of H. In addition, Xn is locally isomorphic over a 
neighbourhood of an intersection point of H and L^o to the singularity 
given by W2 = {v2—e^)u'^, where d is the smallest non-negative integer 
for which m+d is divisible by n. The variety X„, if f~^{Loo) C SingXji, 
can be normalized (as in the algebraic case) and we obtain a covering 
/n.norm : -^n.norm ^ CP^ in which X„^norm IS a siugular analytic variety 
at its finitely many singular points. One can resolve them and obtain 
a smooth manifold X„. Let a : X„ -^n.norm be a resolution of the 
singularities, E = cr"^ (Sing norm), and /„ = /„,norm ° cr- Denote 

by Ri = fnXormiHi), « = 1, • • • , fc, and i?oo = /n;norm(^oo)- NotC that 

the restriction of /„,norm to each R^, i = l,...,k, is one-to-one and 
the restriction of /n.norm to -Roo is a no-sheeted cyclic covering, where 
no = GCD{n,d) and the ramification index of /n,norm along _Roo is 
equal to rioo = As in the algebraic case, it is easy to show that -Roo 
is irreducible. Denote by Ri = a~^{Ri), i = 1, . . . , k, oo, the proper 
transform of Ri. 

We have the embeddings ii : X'^ > X„ = Xn\E and 22 : Xn X„. 

Lemma 6.3. The induced homomorphism iu '■ Hi{X'^) Hi{Xn) is 
an epimorphism with kerii* = ifi(X^)i. 

Proof. We have 

= ^ri \ (U(Ll-Rj) U -Roo 

and each Ri, i = 1, . . . ,k, 00, is a codimension two submanifold of 
Therefore each 1-dimensional cycle 7 C X„ can be moved outside of 
(U^^;^-Rj) U -Roo- Thus, zi^* is an epimorphism. 

Let a complex line L C CP^ meet -Loo transversely at g G L^o \ H and 
7oo be a simple small loop around -Loo lying in L. Then /~^(7oo) splits 
into the disjoint union of riQ simple loops 7oo,i, i = 1, ■ ■ ■ ,nQ. Since -Roo 
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is irreducible, each two loops 7oo,j and 7oo,j belong to the same homol- 
ogy class in Hi{X'^) (denote it by 700) • Therefore no7oo G Hi{X'^)i. 
Now lemma follows from the remark that 71, . . . , 7^, 700 generate ker ii 
and 7i, . . . , 7fc generate Hi{X'Ji. m 

Lemma 6.4. The homomorphism ^2* : Hi{Xn,C) — * Hi{Xn,C) is an 
isomorphism. 

Proof. We have X„ = X„ \ E. Denote by T C X„ a closed regular 
neighbourhood of E and let dT be its boundary, T' = T \ E, and 
T° = T\dT. It is known (see, for example, the proof of Proposition 3.4 
from 0) that the homomorphism : Hi{dT,C) — >• Hi(T,C), induced 
by the imbedding i : dT "—>■ T, is an isomorphism and, besides, there 
is a deformation retract T' \ dT. Therefore there is a deformation 
retract X„ \ where X^ = X„ \ T". Now the lemma follows from 
the Mayer - Victories sequence 

H2(Xn) ^ Hi{dT) ^ Hi{T) © i7i(X°) ^ /fi(X„) ^ 0. 

■ 

The proof of Theorem 10.41 follows from Lemmas 16.41 and Propo- 
sition Ifi.ll 

Proposition 6.5. For any A; G N, there exists 

(i) an irreducible Hurwitz curve Hk such that a resolution of singu- 
larities Xfc^e of the cyclic covering o/CP^ of degree six, branched 
along Hk, has first Betti number bi{Xkfi) = 2k; 
(a) a Hurwitz curve Hk consisting of two irreducible components 
such that the first Betti number bi{Xkfi) of a resolution of singu- 
larities Xkfi of the cyclic covering of degree six, branched along 
H, is equal to k. 

Proof. In the proof of Proposition lS. 181 it was shown that the Alexander 
polynomial A{t) of a Hurwitz product 6*2, 3(^) = ^2^3 is equal to (t^ — 
t + 1)^ and that the Alexander polynomials A(t) of Hurwitz products 
G2,3(2,n) = G{2) o G^2% and G2,3(ab,n) = o 0^% respectively are 
equal to {t -l){t + l)(t'^ - t + ij" and (1 -t){t^ -t + 1)". 

The groups G2,3(^), ^2,3 (2, n), and 6*2,3 (ab, are Hurwitz C-groups. 
Moreover, one can assume that the degrees of these Hurwitz C-groups 
are divisible by six (one can take y^, where y is the product of the C- 
generators of a Hurwitz C-presentation of a group, and apply Lemma 
I5.11|) . Therefore by Theorem 6.2 from |12j, each of these groups can be 
realized as the fundamental group tti (C^ \ H) for some Hurwitz curve 
of degree divisible by six. The curve H is irreducible in the case of 
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G2,3{k) and consists of two irreducible components in the other two 
cases. Now Theorem IU.4I imphes Proposition I6.51 ■ 

Proposition 6.6. For any k & N, there is a Hurwitz curve Hk which 
consists of k + 1 irreducible components, has singularities of the form 
w"^ — = 0, and which is the branch curve of a 2-sheeted cyclic 

covering f2 : Xfc_2 CP^ with 2) = k. 

In particular, the Hurwitz curve Hi has degHi = 2^^, the number of 
singular points of Hi is equal to 2^^, and all its singular points are of 
the form w'^ — z"^ = 0. 

Proof. A Hurwitz product G{2, k) = G{2y^ is a Hurwitz C-group of 
degree m = 2^^^^. By Propositions 15.121 and IKTTI)! its Alexander poly- 
nomial is 

Ak{t) = {t-l)\t + l)'. 

By Theorem 6.2 from ^21; each group G{2,k) can be realized as the 
fundamental group 7ri(C^ \ Hk) for some Hurwitz curve Hk of even 
degree and having singularities of the form w"^ — z^ = 0. Since the 
multiplicity of the root t = 1 of the Alexander polynomial Ak{t) is 
equal to k, it follows from Lemma f5. 71 and Theorem 15 .91 that the curve 
Hk consists of + 1 irreducible components. 

By Theorem 10.41 the first Betti number 61 (X^ 2) = k, since the 
multiplicity of the root t = — 1 of the Alexander polynomial Ak{t) is 
equal to k. 

To prove the existence of a Hurwitz curve Hi with the desired prop- 
erties, we should find some integer m and a braid monodromy factor- 
ization 

Al=bi- ... -bn 

of a Hurwitz curve H such that the group given by the presentation 
< Xm, ■ ■ ■ ,Xm \ Xi = bj{xi) for i = 1 , . . . , m, j = l,...,n> 

is C-isomorphic to G{2). 

To find such presentation, let us recall briefly the proof of Theorem 
6.2 from ^2] and apply it to calculate the invariants of a Hurwitz curve 
Hi for which 7ri(C \ i/i) ~ ^(2). 

The group G{2) is given by presentation (jlOI). Consider the group 

Gi^i ~< xi, . . . , X4 \ Xi = Al(xi) for i = 1, . . . , 4 >, (47) 

where A4 is the Garside element in Br4. The braid is the braid 
monodromy of the singularity given by w ^ — 2;^ = and sq = A4 (the 
factorization with a single factor) is the braid monodromy factorization 
of four lines in CP^ passing through a fixed point. 
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To obtain presentation (jlOI), we should add the relations 

2-2 2-2 /Ao\ 

X2X1X2 = X4, 0:4X2X4 = X2, X3 = X2 (48) 

to presentation ()47|) . For this, using notations and notions from T^, 
in the beginning one should perform the doubling (see Theorem 3.2 
from U2|) of the braid monodromy factorization sq = A4 several times 
in order to have a possibility to move apart the generators Xi, . . . ,^4 
and to change each relation from PHj) by the relations Xj = Xj+4 and 
relations of the form x, = 6(xj), where 6 is a braid conjugated to 
the standard generator of a braid group. It is easy to see that in 
our case it suffices to perform the doubling two times and we obtain 
the braid monodromy factorization si = (f{so) of Afg (the doubling 
(P{so) is defined in ^2] by formula (25)), each factor of which is either 
conjugated to A4 or conjugated to a standard generator of Brig, and 
the group 

< Xi, . . . , X16 I Xj = b{xi), i = 1, ... ,16, and 6 is a factor of Si > 

is C-isomorphic to (74,4. The number of factors of si conjugated to A4 
is equal to 4^. 

Then, to add the relations PHj) to presentation (jlTj), one can use 
Lemma 3.4 from jl2| three times and obtain a braid monodromy fac- 
torization S2 of A210, each factor of which is either conjugated to A4 
or conjugated to a standard generator of Br2io. The number of factors 
of S2 conjugated to A4 is equal to 4^. The factorization S2 is a braid 
monodromy factorization of a Hurwitz curve Hi, degHi = 2^°, Hi has 
4^ singular points of the form w'^ — z'^ = 0, and vri(C^ \ H) = G{2) by 
construction of S2. ■ 
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